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A logical relation for cbpv with first-class execution stacks

My thought process

“Develop and mechanize the theory of logical relations for an extension of 

CBPV called the Enriched Effect Calculus (EEC) where execution stacks 

become first-class data available to the programmer.”

An execution stack is some transformation 𝐴 ⇝ 𝐵 from one 

computation type to another, as opposed to function types 𝑋 → 𝐵, 

which maps values to computations.
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A logical relation for cbpv with first-class execution stacks

What is EEC? [5]

“a stoup” – apparently, Girard invented this terminology:

stoup (n.) A receptacle for holy water, especially a basin set at the 

entrance of a church.
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A logical relation for cbpv with first-class execution stacks

What is EEC?

It’s heavily linear logic-flavored?
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A logical relation for cbpv with first-class execution stacks

What is EEC?

Stacks are constructed by lambda-like abstractions.

Maybe try something else.
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A logical relation for cbpv with first-class execution stacks

Other ways to model execution stacks

An execution stack is a list of execution frames as seen in stack dynamics 

[7, 8]:

𝐾 ▹ 𝖺𝗉(𝐶, 𝑉 ) ⟼ 𝐾 ∘ 𝖺𝗉(−, 𝑉 ) ▹ 𝐶

⋅ ▹ 𝗋𝖾𝗍(𝑉 ) 𝖿𝗂𝗇𝖺𝗅

How to expose this to surface syntax?
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A logical relation for cbpv with first-class execution stacks

Additions to cbpv

Bare-minimum cbpv [9], equipped with first-class execution stacks:

𝑋 ⩴ 𝖺𝗇𝗌 | 𝑈(𝐴) | 𝐴 ⇝ 𝐵

𝐴 ⩴ 𝐹(𝑋) | 𝑋 → 𝐵

𝑉 ⩴ 𝗒𝖾𝗌 | 𝗇𝗈 | 𝗌𝗎𝗌𝗉(𝐶) | ⋅ | 𝑉 :: 𝐹

𝐶 ⩴ 𝗋𝖾𝗍(𝑉 ) | 𝗅𝖾𝗍𝖿(𝐶1, 𝑥.𝐶2) | 𝖿𝗈𝗋𝖼𝖾(𝑉 ) | 𝜆(𝑥.𝐶) | 𝖺𝗉(𝐶, 𝑉 )

| 𝗋𝖾𝗌𝗎𝗆𝖾(𝑉 , 𝐶)

𝐹 ⩴ 𝗅𝖾𝗍𝖿(−, 𝑥.𝐶2) | 𝖺𝗉(−, 𝑉 )
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A logical relation for cbpv with first-class execution stacks

Typing stacks

cont-empty
Γ ⊢ ⋅ : 𝐴 ⇝ 𝐴

Γ ⊢ 𝑉 : 𝐵 ⇝ 𝐶 Γ, 𝑥 : 𝑋 ⊢ 𝐶 : 𝐵
cont-letf

Γ ⊢ 𝑉 :: 𝗅𝖾𝗍𝖿(−, 𝑥.𝐶) : 𝐹(𝑋) ⇝ 𝐶

Γ ⊢ 𝑉1 : 𝐵 ⇝ 𝐶 Γ ⊢ 𝑉2 : 𝑋
cont-apply

Γ ⊢ 𝑉1 :: 𝖺𝗉(−, 𝑉2) : (𝑋 → 𝐵) ⇝ 𝐶

We write 𝑉1 ⧺ 𝑉2 for stack concatenation.
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A logical relation for cbpv with first-class execution stacks

Applying stacks

Γ ⊢ 𝑉 : 𝐴 ⇝ 𝐵 Γ ⊢ 𝐶 : 𝐴
resume

Γ ⊢ 𝗋𝖾𝗌𝗎𝗆𝖾(𝑉 , 𝐶) : 𝐵

It actually returns?
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A logical relation for cbpv with first-class execution stacks

Stack dynamics

𝑉 ▹ 𝖿𝗈𝗋𝖼𝖾(𝗌𝗎𝗌𝗉(𝐶)) ⟼ 𝑉 ▹ 𝐶

𝑉 ▹ 𝗅𝖾𝗍𝖿(𝐶1, 𝑥.𝐶2) ⟼ 𝑉 :: 𝗅𝖾𝗍𝖿(−, 𝑥.𝐶2) ▹ 𝐶1

𝑉 ▹ 𝖺𝗉(𝐶, 𝑉 ) ⟼ 𝑉 :: 𝖺𝗉(−, 𝑉 ) ▹ 𝐶

𝑉 :: 𝗅𝖾𝗍𝖿(−, 𝑥.𝐶2) ▹ 𝗋𝖾𝗍(𝑉 ′) ⟼ 𝑉 ▹ [𝑉 ′/𝑥]𝐶2

𝑉 :: 𝖺𝗉(−, 𝑉 ′) ▹ 𝜆(𝑥.𝐶) ⟼ 𝑉 ▹ [𝑉 ′/𝑥]𝐶

𝑉 ▹ 𝗋𝖾𝗌𝗎𝗆𝖾(𝑉 ′, 𝐶) ⟼ 𝑉 ⧺ 𝑉 ′ ▹ 𝐶
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A logical relation for cbpv with first-class execution stacks

Interesting properties

Lemma 1 (stepwise stack extension). If 𝑉 ▹ 𝐶 ⟼ 𝑉 ′ ▹ 𝐶′ then

𝑉0 ⧺ 𝑉 ▹ 𝐶 ⟼ 𝑉0 ⧺ 𝑉 ′ ▹ 𝐶′.

Intuitively, this states that no stepping rule exhibits “action at a 

distance”, i.e. dependent on frames beyond the top of the stack.

Lemma 2 (stack extension). If 𝑉 ▹ 𝐶 ⟼∗ 𝑉 ′ ▹ 𝐶′ then

𝑉0 ⧺ 𝑉 ▹ 𝐶 ⟼∗ 𝑉0 ⧺ 𝑉 ′ ▹ 𝐶′.

15-413 Advanced Foundations of PL, Final Project Presentation 10 / 19



A logical relation for cbpv with first-class execution stacks

Generalizing terminal evaluation states

With the possibility of function-producing evaluation stacks, we can’t 

simply say “equivalent stacks produce equivalent values”.

We have a set of terminal computations, i.e. ones that gets stuck on 

empty execution stacks.

⋅ ▹ 𝗋𝖾𝗍(𝑉 ′) 𝖿𝗂𝗇𝖺𝗅

⋅ ▹ 𝜆(𝑥.𝐶) 𝖿𝗂𝗇𝖺𝗅

They may become unstuck once the execution stack is extended.
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A logical relation for cbpv with first-class execution stacks

Generalizing terminal evaluation states

Define equivalence over terminal computations:

𝗋𝖾𝗍(𝑉 ) ≐ 𝗋𝖾𝗍(𝑉 ′) 𝖿𝗂𝗇𝖺𝗅 ∈ 𝐹(𝑋) ⟺ 𝑉 ≐ 𝑉 ′ ∈ 𝑋

𝜆(𝑥.𝐶) ≐ 𝜆(𝑥.𝐶′) 𝖿𝗂𝗇𝖺𝗅 ∈ 𝑋 → 𝐵 ⟺ 𝑥 : 𝑋 ≫ 𝐶 ≐ 𝐶′ ∈ 𝐵

Define cotermination:

𝑉 ▹ 𝐶 ↓ 𝑉 ′ ▹ 𝐶′ ⟺

𝑉 ▹ 𝐶 ⟼∗ ⋅ ▹ 𝐶1  and 𝑉 ′ ▹ 𝐶′ ⟼∗ ⋅ ▹ 𝐶′
1  and 𝐶1 ≐ 𝐶′

1 𝖿𝗂𝗇𝖺𝗅
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A logical relation for cbpv with first-class execution stacks

Logical relation

Size issues:

𝑉 ≐ 𝑉 ′ ∈ 𝐴 ⇝ 𝐵 ⟺ given 𝐶 ≐ 𝐶′ 𝖿𝗂𝗇𝖺𝗅 ∈ 𝐴, 𝑉 ▹ 𝐶 ↓ 𝑉 ′ ▹ 𝐶′

𝐶 ≐ 𝐶′ ∈ 𝐴 ⟺ given 𝑉 ≐ 𝑉 ′ ∈ 𝐴 ⇝ 𝐵, 𝑉 ▹ 𝐶 ↓ 𝑉 ′ ▹ 𝐶′

𝐵 is unbounded in size!
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A logical relation for cbpv with first-class execution stacks

Second try at logical relation

𝑉 ≐ 𝑉 ′ ∈ 𝐴 ⇝ 𝐵 ⟺ given 𝐶 ≐ 𝐶′ 𝖿𝗂𝗇𝖺𝗅 ∈ 𝐴, 𝑉 ▹ 𝐶 ↓ 𝑉 ′ ▹ 𝐶′

𝐶 ≐ 𝐶′ ∈ 𝐴 ⟺ ⋅ ▹ 𝐶 ↓ ⋅ ▹ 𝐶′

What about evaluation in nontrivial environments?

By applying Lemma 2 (stack extension):

Lemma 4 (cotermination). If 𝑉 ≐ 𝑉 ′ ∈ 𝐴 ⇝ 𝐵 and 𝐶 ≐ 𝐶′ ∈ 𝐴 then 

𝑉 ▹ 𝐶 ↓ 𝑉 ′ ▹ 𝐶′.
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A logical relation for cbpv with first-class execution stacks

This allows us to prove:

Lemma 5 (bind preserves stack equivalence). If 𝑉 ≐ 𝑉 ′ ∈ 𝐴 ⇝ 𝐵, and 

𝑥 : 𝑋 ≫ 𝐶 ≐ 𝐶′ : 𝐴, then 𝑉 :: 𝗅𝖾𝗍𝖿(−, 𝑥.𝐶) ≐ 𝑉 ′ :: 𝗅𝖾𝗍𝖿(−, 𝑥.𝐶′) ∈

𝐹(𝑋) ⇝ 𝐵.

Lemma 6 (application preserves stack equivalence). If 𝑉 ≐ 𝑉 ′ ∈ 𝐵 ⇝

𝐶 , and 𝑉0 ≐ 𝑉 ′
0 : 𝑋, then 𝑉 :: 𝖺𝗉(−, 𝑉0) ≐ 𝑉 ′ :: 𝖺𝗉(−, 𝑉 ′

0 ) ∈ (𝑋 →

𝐵) ⇝ 𝐶 .

Theorem 7 (reflexivity). If Γ ⊢ 𝑉 : 𝑋 then Γ ≫ 𝑉 ∈ 𝑋; if Γ ⊢ 𝐶 : 𝐴 

then Γ ≫ 𝐶 ∈ 𝐴.
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That’s it

I ran out of time to prove equivalence laws.

I also lied at the beginning of the presentation.



A failed attempt at logical relation for cbpv with 
delimited continuations
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A failed attempt at logical relation for cbpv with delimited continuations

What are delimited continuations

Traditional control operators (𝗅𝖾𝗍𝖼𝖼/𝗍𝗁𝗋𝗈𝗐) capture/replace the stack 

wholesale. Action at a distance!

Delimited control operators (𝗌𝗁𝗂𝖿𝗍/𝗋𝖾𝗌𝖾𝗍 or 𝗉𝗋𝗈𝗆𝗉𝗍/𝖼𝗈𝗇𝗍𝗋𝗈𝗅) [4, 10] 

always unwinds the stack to a specific delimiter frame.

𝑉 :: 𝗉𝗋𝗈𝗆𝗉𝗍𝐴(−) ▹ 𝖼𝗈𝗇𝗍𝗋𝗈𝗅𝐴(𝑥.𝐶, 𝑉 ′) ⟼ 𝑉 ▹ [𝑉 ′/𝑥]𝐶

𝑉 :: 𝐹 ▹ 𝖼𝗈𝗇𝗍𝗋𝗈𝗅𝐴(𝑥.𝐶, 𝑉 ′) ⟼ 𝑉 ▹ 𝖼𝗈𝗇𝗍𝗋𝗈𝗅𝐴(𝑥.𝐶, [𝐹 ] ⧺ 𝑉 ′)
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A failed attempt at logical relation for cbpv with delimited continuations

Where it breaks down

A 𝖼𝗈𝗇𝗍𝗋𝗈𝗅 that hasn’t found its 𝗉𝗋𝗈𝗆𝗉𝗍 should be considered terminal:

⋅ ▹ 𝖼𝗈𝗇𝗍𝗋𝗈𝗅𝐴(𝑥.𝐶, 𝑉 ) 𝖿𝗂𝗇𝖺𝗅

But for the logical relation to work, we want:

𝖼𝗈𝗇𝗍𝗋𝗈𝗅𝐶(𝑥.𝐶1, 𝑉1) ≐ 𝖼𝗈𝗇𝗍𝗋𝗈𝗅𝐶(𝑥.𝐶2, 𝑉2) 𝖿𝗂𝗇𝖺𝗅 ∈ 𝐵 ⟺

𝑥 : 𝐴 ⇝ 𝐶 ≫ 𝐶1 ≐ 𝐶2 ∈ 𝐶  and 𝑉1 ≐ 𝑉2 ∈ 𝐴 ⇝ 𝐵

𝐴, 𝐶 are again unbounded in size.
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A failed attempt at logical relation for cbpv with delimited continuations

What to do next

We probably need step-indexing: as Biernacki et al. [3] did in their 

treatment of algebraic effects.

Di Gianantonio and Miculan’s [6] framework of complete ordered 

families of equivalences may be a useful tool.

Asai [2] circumvents size issues by tracking all relevant types in type 

signatures, which seems impractical.

Aristizábal et al. [1] provides an account for delimited control using 

bisimulations.
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A failed attempt at logical relation for cbpv with delimited continuations
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Questions and (hopefully) answers

https://dayli.ly/scrapbox/cbpv-stacks.pdf
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